Singular integrals along manifolds
By the method of rotation and the well-known L p -boundedness of the Hilbert transform, one then obtains the L p -boundedness of SI Ω under the weak condition Ω∈L 1 (S n−1 ).
For even kernels, the condition Ω ∈ L 1 (S n−1 ) is insufficient. It turns out that the right condition is Ω ∈ LLog + L(S n−1 ) (as far as the size of Ω is concerned). The idea of Calderón and Zygmund is to compose the operator SI Ω with the Riesz transforms R j , 1 ≤ j ≤ n, and to show that R j (SI Ω ) is a singular integral operator with an appropriate odd kernel. Thus
for all test functions f ∈ . Furthermore, one can obtain
for all test functions f ∈ , since − n j=1 R 2 j is the identity map. Using the above method, Connett [7] and Ricci and Weiss [15] independently obtained the same L pboundedness of SI Ω under the weak condition Ω ∈ H 1 (S n−1 ), where H 1 (S n−1 ) is the Hardy space which contains LLog + L(S n−1 ) as a proper subspace. In [12] , Fefferman generalized this Calderón-Zygmund singular integral by replacing the kernel Ω(x )|x| −n by h(|x|)Ω(x )|x| −n , where h is an arbitrary L ∞ function. This allows the kernel to be rough not only on the sphere but also in the radial direction. For the singular integral operator SI Ω,h with the kernel K(x) = h(|x|)(Ω(x )/(|x| n )), the formula (1.3) now is
Clearly, the method of Calderón and Zygmund can no longer be used to estimate the above integral in (1.6) even if Ω is odd, since the integral in parentheses cannot be reduced to the Hilbert transform for an arbitrary h(t). Thus, one needs to find a new approach.
Using a method which is different from Calderón and Zygmund, Fefferman showed in [12] that if Ω satisfies a Lipschitz condition, then SI Ω,h is bounded on L p (R n for 1 < p < ∞. Later in [8] , using Littlewood-Paley theory and Fourier transform methods, Duoandikoetxea and Rubio de Francia improved Fefferman's results by assuming a roughness condition Ω ∈ L q (S n−1 ) (see also [3, 13, 14] ). By modifying the method in [8] , recently, Fan and Pan [11] have improved the above results on SI Ω,h by assuming a roughness condition Ω ∈ H 1 (S n−1 ).
A. Al-Hasan and D. Fan 3 Noting that S n−1 is an (n−1)-dimensional compact manifold in R n−1 , Duoandikoetxea and Rubio de Francia [8] introduced the following extension of the operator SI Ω,h .
Let m,n ∈ N, m ≤ n − 1, and let ᏹ be a compact, smooth, m-dimensional manifold in R n . Suppose that ᏹ∩{rv : r > 0} contains at most one point for any v ∈ S n−1 . Let Ꮿ(ᏹ) denote the cone {rθ : r > 0, θ ∈ ᏹ} equipped with the measure ds(rθ) = r m drdσ(θ), where dσ represents the induced Lebesgue measure on ᏹ. For a locally integrable function in Ꮿ(ᏹ) of the form
where Ω satisfies
they defined the corresponding singular integral operator SI ᏹ,Ω,h on R n by
initially for f ∈ (R n ). In [8] , Duoandikoetxea and Rubio de Francia obtained the following results regarding SI ᏹ,Ω,h . 
Inspired by the earlier result of Fan and Pan regarding Ω ∈ H 1 (S n−1 ), Cheng and Pan [5] established the following. Theorem 1.2. Let SI ᏹ,Ω,h be given as in Theorem 1.1, and let h and ᏹ satisfy (ii) and
The main purpose of this paper is to extend Theorem 1.2 to the case Ω ∈ H r (ᏹ) with 0 < r < 1. The space H r (ᏹ) is a distribution space when 0 < r < 1. The definition of H r (ᏹ) can be found in Section 2, but here we must define the operator in the sense of distribution.
Let Ω,φ be the pairing between Ω ∈ H r (ᏹ) and a C ∞ function φ on ᏹ. For 0 ≤ α, we define the singular integral operator SI ᏹ,Ω,h,α f (x) by
where f ∈ (R n ), h, Ω satisfy (ii) and (iii) in Theorem 1.1, respectively, and Ω ∈ H r (ᏹ) satisfies
for all polynomials on R n with degree m ≤ [α] and r = m/m + α. When ᏹ = S n−1 , the operator SI S n−1 ,Ω,h,α was studied in [4] . It is not difficult to check that (1.10) is well defined and it is finite for all x ∈ R n .
When α = 0, the operator SI S n−1 ,Ω,h,0 is exactly the operator SI ᏹ,Ω,h . The main result of this paper is as follows. 
Definitions and lemmas
Let ᏹ be a compact, smooth, m-dimensional manifold in R n , m ≤ n − 1. The Hardy spaces H p (ᏹ) can be defined by using the maximal operator
where u(t,x) is the solution of the boundary value problem
Here Δ x denotes the Laplace-Beltrami operator of ᏹ.
It is well known that since ᏹ is compact,
and all the inclusions are proper.
A. Al-Hasan and D. Fan 5 Let B n (x,r) = {y ∈ R n : |y − x| < r}. To give the atomic characterization of H r , we need to define atoms on ᏹ.
Definition 2.2. A function a(·) on ᏹ is called an H r atom if there are ρ > 0 and θ
If Ω ∈ H r (ᏹ), then there exist H r atoms {a j } and complex numbers {c j } such that
(2.5)
By the smoothness and compactness of ᏹ, we may assume that there is a smooth mapping φ from a neighborhood of B m (0,1) into R n such that
(ii) the vectors ∂φ/∂u 1 ,...,∂φ/∂u m are linearly independent for each u ∈ B m (0,1); (iii) φ is of finite type at every point in B m (0,1) (see [16, page 350] ). Thus there is a smooth function J(u) such that
for any integrable function F on ᏹ. Since ᏹ is compact, we may assume that all φ raised from atoms a satisfy
We will need the following result (see [8] 
for all k ∈ Z, and suppose also that for some q > 1,
We will also need the following result (see [8, 9, 11] ).
Lemma 2.5. Let l,n ∈ N, and {τ s,k : 0 ≤ s ≤ l, and k ∈ Z} be a family of measures on R n with τ 0,k = 0 for every
.
Proof of theorem
We will prove the theorem in three different cases: 0 < α < 1, α = 1,2,3,..., and α > 1, α / ∈ Z. Without loss of generality, we may assume that Ω(θ) = a(θ) is an H r atom as defined in Definition 2.2, the details can be found in [4] .
A. Al-Hasan and D. Fan 7 Case 1 (0 < α < 1). Using the "lift" property of the Riesz potential and the definition of the spaceL p α (R n ), it is known that for any α > 0 and
We write
where
In light of Lemma 2.4, in order to show that
Letting y = x − rφ u 0 , we have
As we mentioned before,
We write 
Thus,
It is easy to see that
To prove (ii), we write
which proves (ii).
On the other hand, 12) which proves (iii).
A. Al-Hasan and D. Fan 9 It remains to show that
Without loss of generality, assume that h(r) ≥ 0. Then
In the above integral, we write
where u ∈ B n (u 0 ,ρ) ∩ ᏹ.
In the integral I 1 ( f ), we change variables z − rφ(u 0 ) → y and again write y as z, then
By the mean value theorem,
(3.17)
Using integration by parts, it is easy to see that
It is known in [16, page 477 ] that there is a constant C independent of z such that
Thus we have
For the second integral
This gives (again write z instead of w)
Using integration by parts, we obtain
Similarly, we can have the same estimate on J 2 ( f )(x) so that Therefore, we have
Since b is an (r,∞) atom supported in B m (u 0 ,ρ) ∩ ᏹ with r = m/(m + α), it is easy to see that
uniformly for b and ρ. Thus
By Lemma 2.4, Case 1 is established.
Case 2 (α = 1,2,3,...). Using Taylor's expansion about θ 0 , we have, for j = ( j 1 ,..., j m ),
where C j 's are constants and
is an H 1 atom with the same support as b.
(3.32) 
(3.36) By Hölder's inequality and (3.35), We also have the following estimates for σ φ,Ꮾ,h,k,α .
A. Al-Hasan and D. The remainder of the proof is similar to the proof of Lemma 3.3 in [5] .
The following result is similar to those in [10] , see also [5] . 
